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The purpose of the present work is to study the effect of an imperfect interface on the fracture behavior of
a layered piezoelectric sensor. For mathematical convenience, the problem is investigated under mode
III-a simple case in fracture mechanics. Fracture analysis is performed by the methods of Fourier integral
transform and Cauchy singular integral equation. Parametric studies on the numerical results of energy
release rate reveal the crack tip shielding and anti-shielding effects of the imperfect interface. When the
inclined angle of crack is less than 0.1p, the imperfect interface may shield the crack, however, when it is
larger than 0.2p, the crack may be anti-shielded. If the distance between a crack tip and the imperfect
interface is less than two times of the crack length, the shielding or anti-shielding effect is remarkable,
and otherwise it is negligible. Finally, the crack tip shielding and anti-shielding effects of the mechanical
imperfection are generally more remarkable than those of the dielectric imperfection.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectric sensors are a kind of smart electromechanical de-
vices that generate sensing by converting mechanical responses to
electric signals. They have proven to be versatile tools for technical
measurements and process controls in nearly all modern indus-
tries. The most widely used kernel materials in piezoelectric sen-
sors are lead zirconate titanate ceramics, also known as PZT, an
abbreviation of its chemical formula. To gain advanced perfor-
mance, PZT sensors are generally made as layered structures, e.g.,
a sensor may be simply composed of a PZT layer and an elastic sub-
strate bonded together by a thin interphase of epoxyn. Two kinds
of typical problems sometimes arise in engineering applications
under some harsh in-situ conditions. One is the fracture of piezo-
electric layer due to its intrinsic brittleness, and the other is the
damage of the interphase.
In fracture analysis of piezoelectric ceramics, two problems are
of signiﬁcance. One is the assumption of electric boundary condi-
tion on crack surfaces and the other is the choice of fracture crite-
rion. For the former problem, there are two completely opposite
opinions (Wang and Yu, 2000). Some researchers (e.g., Zhou and
Wang, 2004) believe that crack surfaces are electrically permeable
because they are in contact when loaded by anti-plane static shear.
However, some other researchers (e.g., Wang and Mai, 2004) argue
that crack surfaces are electrically impermeable even forll rights reserved.
, KYL2813@yonsei.ac.kr (K.Y.anti-plane cracks. On one hand, it is because that a ﬂaw in engi-
neering materials is always a notch of ﬁnite thickness rather than
a slit crack (Wang and Mai, 2004). On the other hand, it is because
that the permeable assumption will give rise to the independence
of fracture behavior on electric loading, which is contrary to exper-
imental results (Wang and Yu, 2000). As for the latter problem,
there are several different fracture criteria including the intensity
factors, the total energy release rate, the mechanical strain energy
release rate and the energy density factor.
Because the interphase is thin, it is always simpliﬁed in
mechanical analysis as an idealized interface with no thickness.
Under harsh conditions, the interphase might be damaged
mechanically and/or electrically. In existing literatures, the
spring-type model is always used to simulate the electromechani-
cal damage of an interface. Many researchers have used such a
model to study various problems of piezoelectric structures, For
example, the vibration of a piezoelectric laminated cylinder (Paul
and Nelson, 1996), the bending of angle-ply piezoelectric lami-
nates (Chen and Lee, 2004, 2005), the uniform tension of a piezo-
electric ﬁber composite (Shodja et al., 2006), the elastic waves in
bonded piezoelectric materials (Fan et al., 2006; Wang et al.,
2007), the piezoelectric screw dislocations interacting with an
imperfect interface (Wang and Sudak, 2007; Wang and Pan,
2007; Jin and Fang, 2008), and so on.
For a cracked piezoelectric sensor, the effect of the imperfect
interface on the crack is a problem of practical signiﬁcance. Up till
now, investigations on such a problem have not been reported in
existing literatures, to the best of our knowledge. The present work
aims at studying the effect of a piezoelectric imperfect interface on
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methods of Fourier integral transform and Cauchy singular integral
equation. The total energy release rate and the mechanical strain
energy release rate are chosen as fracture parameters, and the
crack tip shielding and anti-shielding effects of the imperfect inter-
face are revealed by parametric studies on the numerical results of
energy release rate.
2. Problem formulation
Illustrated in Fig. 1 is a piezoelectric sensor with a crack in-
clined at an angle h to its interface. The kernel component of
the sensor is a piezoelectric strip bonded to an elastic substrate.
It is assumed that the interface is damaged electrically and
mechanically, which is modeled by the spring-type relation as
follows (Wang et al., 2007; Wang and Sudak, 2007; Wang and
Pan, 2007)
sypðx; 0Þ ¼ syeðx;0Þ ð1Þ
wpðx; 0Þ weðx; 0Þ ¼ asypðx; 0Þ ð2Þ
where a ¼ a1 00 a2
 
. a1 and a2 are the mechanical and dielectric
imperfection parameters of the interface. s = [s,D]T and w = [w, /]T.
w, s, / and D are anti-plane mechanical displacement, stress, in-
plane electric potential and electric displacement. The subscripts
p and e refer to the quantities of the piezoelectric strip and elastic
substrate, respectively.
It is assumed that the piezoelectric strip is poled along the z
direction. Under the condition of anti-plane strain, the constitutive
relations are
skj ¼Mjwj;k; ðj ¼ p; e; k ¼ x; y or x1; y1Þ ð3Þ
where and hereafter the indices following a comma denote partial
differentiations and the Einstein summation convention is not ap-
plied. The property matrices are
Mj ¼
cj44 djpep15
djpep15 ej11
 
; ðj ¼ p; eÞ ð4Þ
where djp is the Kronecker delta, which is 1 if its two subscripts are
identical and 0 otherwise. c44, e15 and e11 are the shear modulus,
piezoelectric coefﬁcient and dielectric coefﬁcient.
The assumption of permeable crack will give rise to the physi-
cally unacceptable independency of fracture behavior on electric
loading (Wang and Yu, 2000). Therefore, it is assumed that the
crack surfaces are electrically impermeable in the present work.
The boundary and continuity conditions areO
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Fig. 1. A piezoelectric sensor with a crack inclined to the imperfect interface.syeðx;heÞ ¼ 0 ð5Þ
sypðx;hpÞ ¼ 0 ð6Þ
sy1pðx1;0þÞ ¼ sy1pðx1;0Þ; x1 2 ð0;hp csc hÞ ð7Þ
wpðx1; 0þÞ ¼ wpðx1;0Þ; x1 2 ð0; a [ ½b;hp csc hÞ ð8Þ
sy1pðx1;0Þ ¼ s0; x1 2 ða; bÞ ð9Þ
where s0 = [s0,D0]T. hp and he are the thickness of the piezoelectric
strip and elastic substrate, respectively. a and b are the coordinates
of the two crack tips along the x1 axis.
3. Fracture analysis
For general piezoelectric ceramics and elastic materials, the
coefﬁcient matrices Mj(j = p, e) are invertible. Therefore, wj(j = p,
e) are harmonic functions (Lee et al., 2000; Li and Lee, 2008a).
The solution of we for the elastic substrate, satisfying the boundary
conditions in Eq. (5), takes the form
we ¼ 12p
Z þ1
1
Ae ejnjy þ ejnjðyþ2heÞ
 
einxdn ð10Þ
where Ae ¼ Ae1ðnÞ Ae2ðnÞ½ T.
According to the principle of superposition, the solution of
wp for the piezoelectric strip can be regarded as the superposi-
tion of two subproblems (Shbeeb et al., 2000; Choi, 2001, 2002,
2006, 2007; Long and Delale, 2004, 2005; Li and Lee, 2008b): (I)
a piezoelectric strip is un-cracked; (II) a piezoelectric plane is
cracked with the crack inclined to axis x, and wp vanishes at
the inﬁnity of x21 þ y21 !1. The solutions of the two subprob-
lems are
wðIÞp ðx; yÞ ¼
1
2p
Z þ1
1
ðAPejnjy þ BPejnjyÞeinxdn; ð11Þ
x 2 ð1;1Þ and y 2 ð0;hpÞ
wðIIÞp ðx1; y1Þ ¼
1
2p
Z þ1
1
ðFejnjy1 þ Gejnjy1 Þeinx1dn ð12Þ
where Ap ¼ Ap1ðnÞ Ap2ðnÞ½ T, Bp ¼ Bp1ðnÞ Bp2ðnÞ½ T, F ¼ F1ðnÞ½
F2ðnÞT, G ¼ G1ðnÞ G2ðnÞ½ T and
F ¼ 0; ðy1 > 0Þ
G ¼ 0; ðy1 < 0Þ

ð13Þ
Then, the solution of wp in xoy can be expressed as
wpðx; yÞ ¼ 12p
Z þ1
1
Fejnjðy cos hx sin hÞ þ Gejnjðy cos hx sin hÞ 
einðx cos hþy sin hÞdnþ 1
2p
Z þ1
1
ðApejnjy þ BpejnjyÞ
einxdn
ð14Þ
In x1oy1, the solution of wp takes the form
wpðx1; y1Þ ¼
1
2p
Z þ1
1
½APejnjðx1 sin hþy1 cos hÞ
þ BPejnjðx1 sin hþy1 cos hÞeinðx1 cos hy1 sin hÞdnþ 12p

Z þ1
1
ðFejnjy1 þ Gejnjy1 Þeinx1dn ð15Þ
Next, the method of singular integral equation is employed to solve
the crack problem. For this reason, two auxiliary functions are intro-
duced (Li et al., 2006; Li and Lee, 2008c)
gðx1Þ ¼ wp;x1 ðx1;0
þÞ wp;x1 ðx1; 0Þ; x1 2 ða; bÞ
0; x1 2 ð0; a [ ½b; hp csc hÞ
(
ð16Þ
where gðx1Þ ¼ ½ g1ðx1Þ g2ðx1Þ T.
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Fig. 3. Normalized SIF of a center anti-plane crack in an elastic strip.
7.5    
6.5     
5.5     
4.5     TE
R
R
 (N
/m
)
2π ; 3π ; 6π ; 8π ; 0      
θ decreasing
(a) MSERR
12.5  
10.0   
7.5     
5.0     
2.5     
0.0    
0.0    1.0    2.0   3.0   4.0   5.0
1
~α
M
SE
RR
 (N
/m
)
2π ; 3π ; 6π ; 8π ; 0      
θ decreasing
1738 Y.-D. Li, K.Y. Lee / International Journal of Solids and Structures 46 (2009) 1736–1742From Eqs. (16) and (8), one obtainsZ b
a
gðtÞdt ¼ 0 ð17Þ
wpðx1;0þÞ wpðx1;0Þ ¼ 12p
Z þ1
1
i
n
Z b
a
gðtÞeinðtx1Þdt
" #
dn;
x1 2 ða; bÞ ð18Þ
It follows from Eqs. (3), (4), (7), (15) and (18) that
F ¼ G ¼  i
2n
Z b
a
gðtÞeintdt ð19Þ
Substituting Eq. (14) into Eq. (3) yields syp(x,y), and then the follow-
ing relations can be obtained from Eq. (6)
Bp ¼ e2hp jnjAp þ
Z b
a
Q1gðtÞdt ð20Þ
where Q1(t,n) is a known function given in Appendix.
Eqs. (1) and (2) can be transformed into a system of algebraic
equations by using Eqs. (3), (10), (14), (19) and (20)
ðe2hp jnj  1ÞMpAp  ðe2he jnj  1ÞMeAe ¼
R b
a MpgðtÞðQ2  Q1Þdt
½ð1 e2hp jnjÞ j n j aMp  ð1þ e2hp jnjÞIAp þ Aeð1þ e2he jnjÞ
¼ R ba aMpðQ1  Q2Þ j n j þðQ1 þ Q3ÞI gðtÞdt
9>=>;
ð21Þ
where I is an unit matrix. Qj (t,n)(j = 2, 3) are known functions given
in Appendix.
Solving Eq. (21) gives
Ap ¼
Z b
a
Hðt; nÞgðtÞdt ð22Þ
where Hðt; nÞ ¼ H11ðt; nÞ H12ðt; nÞ
H21ðt; nÞ H22ðt; nÞ
 
are known functions given in
Appendix.
Finally, substituting Eq. (15) into Eq. (3) yields sy1pðx1; y1Þ, and
then Eq. (9) can be transformed into a Cauchy singular integral
equation in the standard from (Li and Lee, 2007, 2008d)
1
p
Z þ1
1
1
~t  ~xþ
~Q8ð~t; ~xÞ
 
Iþ ~Rð~xÞeHð~t; nÞ ~gð~tÞd~t ¼ 2M1p s0 ð23Þ
where ~t ¼ 2t  ðaþ bÞ
2a0
2 ð1;1Þ; ~x ¼ 2x1  ðaþ bÞ
2a0
2 ð1;1Þ ð24Þ
eHð~t; nÞ ¼ Hða0~t þ ðaþ bÞ=2; nÞ; ~gð~tÞ ¼ g½a0~t þ ðaþ bÞ=2 ð25ÞeRð~xÞ ¼ a0R½a0~xþ ðaþ bÞ=2; eQ 8ð~t; ~xÞ
¼ a0Q8½a0~t þ ðaþ bÞ=2; a0~xþ ðaþ bÞ=2 ð26Þ
and a0 is the half length of crack. R(x1) and Q8(t,x1) are known func-
tions given in Appendix.
According to the Lobatto–Chebyshev collocation method (Erdo-
gan and Gupta, 1972), Eq. (23) can be solved numerically by
expanding ~gð~tÞ as truncated Chebyshev series
~gð~tÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ~t2
p
Xn
j¼1
SjTjð~tÞ ð27Þ02a 02w0τ
Fig. 2. An elastic strip with a center anti-plane crack perpendicular to the edges.where Sj ¼ ½ S1j S2j T (j = 1, 2, . . . ,n) are unknown coefﬁcients, and
Tjð~tÞ (j = 1, 2, . . . ,n) are the ﬁrst kind of Chebyshev polynomials.
Using Eq. (27) and the property of Chebyshev polynomials, one
can ﬁnally transform Eqs. (23) and (17) into algebraic equations3.5     
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1
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Fig. 4. The effects of interface parameter a1 on the ERR of tip a (hp/a0 = 5; he/a0 = 15;
h0/a0 = 0.125; ~a2 ¼ 0).
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r¼1
Pn
j¼1
1
~tr~xq þ eQ 8ð~tr ; ~xqÞh iIþ eRð~xqÞeHð~tr; nÞn oSjTjð~trÞ ¼ 2nM1p s0Pn
r¼1
Pn
j¼1
SjTjð~trÞ ¼ 0
9>>=>>;
ð28Þ
where ~tr(r = 1, 2, . . . ,n) and ~xq(q = 1, 2, . . . ,n  1) are given in
Appendix.
Based on the numerical solutions of Eq. (28), the intensity fac-
tors of the crack tip ﬁelds can be further determined, which are de-
ﬁned as (Li and Lee, 2008d)
KsðaÞ ¼ lim
x1!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pða x1Þ
p
sy1pðx1;0Þ
KsðbÞ ¼ lim
x1!bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx1  bÞ
p
sy1pðx1;0Þ
9>=>; ð29Þ
KcðaÞ ¼ lim
x1!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pða x1Þ
p
cy1pðx1;0Þ
KcðbÞ ¼ lim
x1!bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx1  bÞ
p
cy1pðx1;0Þ
9>=>; ð30Þ
where Ks ¼ ½Ks KD T, Kc ¼ ½Kc KE T and cy1p ¼ ½ cy1p Ey1p 
T. Ks
and KD are the stress intensity factor and electric displacement
intensity factor. Kc and KE are the strain intensity factor and elec-
tric ﬁeld intensity factor. cy1p and Ey1p are the stain and electric
ﬁeld.(a) MSERR
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Fig. 5. The effects of interface parameter a2 on the ERR of tip a (hp/a0 = 5; he/a0 = 15;
h0/a0 = 0.125; ~a1 ¼ 0).Substituting the singular part of sy1pðx1;0Þ into Eq. (29) gives (Li
and Lee, 2008b)
KsðaÞ ¼ ﬃﬃﬃﬃﬃﬃﬃﬃpa0p Pn
j¼1
Mp½Sj cosðjpÞ
KsðbÞ ¼  ﬃﬃﬃﬃﬃﬃﬃﬃpa0p Pn
j¼1
MpSj
9>>=>>; ð31Þ
Because cy1p ¼ wp;y1 and Ey1p ¼ /p;y1 , it can be found from Eqs. (29),
(30), (3) and (4) that
Kc ¼M1Ks ð32Þ
where M ¼ cp44 ep15ep15 ep11
 
. Finally, the energy release rates can be
expressed as (Park and Sun, 1995; Wang and Mai, 2004; Li and
Lee, 2008c,d)
Gt ¼ 12 ðKsKc  KDKEÞ ð33Þ
Gm ¼ 12KsKc ð34Þ
where Gt is the total energy release rate (TERR) and Gm is the
mechanical strain energy release rate (MSERR).(a) MSERR
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Fig. 6. The effects of inclined angle on the ERR of tip a (hp/a0 = 5; he/a0 = 15;
~a1 ¼ 5; ~a2 ¼ 0).
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First of all, let us compare the present results with a known
solution for a special case to validate the numerical computation.
Murakami (1987) gave the exact solution for the stress intensity
factor of a center anti-plane crack in an elastic strip shown in Fig. 2,
Ks ¼ s0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2w0 tan
pa0
2w0
	 
s
ð35Þ
Assume that h = p/2, h0 + a0 = hp/2, he = 0, hp = 2w0, ep11 = 0, ep15 = 0
and syp(x,0) = 0, then the problem illustrated in Fig. 1 becomes iden-
tical to that shown in Fig. 2. The numerical solution of the present
work is compared with the exact solution of Murakami (1987) in
Fig. 3, where the stress intensity factor is normalized as
Ks=ðs0 ﬃﬃﬃﬃﬃﬃﬃﬃpa0p Þ. It is conﬁrmed that the present numerical result
agrees well with the exact solution.
After the veriﬁcation of the present numerical computation, let
us continue to study the effect of the imperfect interface. In the fol-
lowing calculation, it is assumed that the piezoelectric strip of the
sensor is the PZT-5H ceramic and its material properties are (Hu
et al., 2005): cp44 = 3.53  1010 N/m2, ep11 = 151.0  1010 C/(Vm)
and ep15 = 17.0 C/m2, where N is the unit of force in Newtons, C is
the unit of charge in Coulombs, V is the unit of electric potential
in Volts, and m is the unit of length in meters. The material con-(a) MSERR
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Fig. 7. The effects of inclined angle on the ERR of tip a (hp/a0 = 5; he/a0 = 15;
~a1 ¼ 0; ~a2 ¼ 5).stants of the elastic substrate are also assumed to be
ce44 = 3.53  1010 N/m2 and ee11 = 151.0  1010 C/(Vm). The ap-
plied electromechanical loads are: s0 = 5 MPa and
D0 = 5  104 C/m2 (Li and Lee, 2008a). In the numerical results,
the interface parameters are normalized as
~a1 ¼ cp44a1=a0
~a2 ¼ e2p15a2=ðcp44a0Þ
)
ð36Þ
In order to reveal the effect of the imperfect interface on the crack,
only the energy release rates of crack tip-a are given in Figs. 4–9.
4.1. Shielding and anti-shielding effects
When the crack tip-a locates very near to the interface (i.e., h0/
a0 = 0.125), the variations of the energy release rates vs. the inter-
face parameters are shown in Figs. 4 and 5. Both shielding and anti-
shielding effects of the imperfect interface are revealed by these
two ﬁgures. When the inclined angle is relatively small (e.g.,
h = 0), the energy release rate decreases with the interface param-
eters increasing, i.e., crack tip-a is shielded by the imperfect inter-
face. However, when the inclined angle is relatively large (e.g.,
h = p/2), the energy release rate increases with the interface
parameters increasing, i.e., the imperfect interface anti-shields
crack tip-a.0 ; 12π ; 8π ; 6π ; 3π ; 2π
(a)MSERR
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Fig. 8. The effects of crack position on the ERR of tip a (hp/a0 = 5; he/a0 = 15;
~a1 ¼ 5; ~a2 ¼ 0).
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Fig. 9. The effects of crack position on the ERR of tip a (hp/a0 = 5; he/a0 = 15;
~a1 ¼ 0; ~a2 ¼ 5).
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shielding and anti-shielding effects of a1 (i.e., the mechanical
imperfection) are more remarkable than those of a2 (i.e., the
dielectric imperfection).
4.2. The affected ranges
Obviously, it is of signiﬁcance to determine the affected ranges
of the imperfect interface, including the affected ranges in the in-
clined angle and the position of crack tip-a.
4.2.1. Angle ranges
The variations of the energy release rates vs. the inclined angle
are shown in Figs. 6 and 7, from where the affected angle ranges
can be observed. When 0 6 h 6 0.1p, the imperfect interface may
shield crack tip-a, however, when 0.2p 6 h 6 0.5p, crack tip-a
may be anti-shielded by the imperfect interface. When
0.1p < h < 0.2p, the effect of the imperfect interface is not so
remarkable. Particularly, the shielding effect and the anti-shielding
effect cancel each other out when h ﬃ 0.13p.
4.2.2. Position ranges
The variations of the energy release rates vs. the position of
crack tip-a are shown in Figs. 8 and 9, which gives the crack posi-
tion ranges affected by the imperfect interface. When0 < h0 6 2.0a0, the imperfect interface may affect the crack tip-a,
shielding or anti-shielding depending on the inclined angle of the
crack. When h0 > 2.0a0, the shielding or anti-shielding effect be-
comes negligible.
5. Conclusions
Fracture analysis is performed for a layered piezoelectric sensor
by the methods of Fourier integral transform and Cauchy singular
integral equation. Parametric studies on the numerical results of
energy release rate indicate that
(a) The imperfect interface may shield or anti-shield a crack tip
in its vicinity, depending on the inclined angle of the crack.
When the inclined angle is less than 0.1p, the imperfect
interface may shield the crack, however, when it is larger
than 0.2p, the crack may be anti-shielded.
(b) When the distance between a crack tip and the imperfect
interface is less than two times of the crack length, the
shielding or anti-shielding effect is remarkable, and other-
wise it is negligible.
(c) Crack tip shielding and anti-shielding effects of the mechan-
ical imperfection are more remarkable than those of the
dielectric imperfection.
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Appendix A
Q1 ¼
1
4p j n j e
hpn½sgnðnÞþi cot h eih
Z 0
1
eikðthp sin hhp cot h cos hÞ
n keih dk

eih
Z þ1
0
eikðthp sin hhp cot h cos hÞ
n keih dk

;
Q2 ¼
1
4p j n j
Z 0
1
eiðkthÞ
n keih dk
Z þ1
0
eiðktþhÞ
n keih dk
 
;
Q3 ¼
1
4p
Z 0
1
eikt
kðn keihÞdkþ
Z þ1
0
eikt
kðn keihÞdk
 
;
Q4 ¼
cp44ðQ2  Q1Þð1þ e2he jnjÞ
ðe2he jnj  1Þce44 þ cp44a1 j n j ðQ1  Q2Þ þ Q1 þ Q3;
Q5 ¼
ep15ðQ2  Q1Þð1þ e2he jnjÞ
ðe2he jnj  1Þce44 þ ep15a1 j n j ðQ1  Q2Þ;
Q6 ¼ 
ep15ðQ2  Q1Þð1þ e2he jnjÞ
ðe2he jnj  1Þee11  ep15a2 j n j ðQ1  Q2Þ;
Q7 ¼
ep11ðQ2  Q1Þð1þ e2he jnjÞ
ðe2he jnj  1Þee11 þ ep11a2 j n j ðQ1  Q2Þ
þ ðQ1 þ Q3Þ;
Q8 ¼ eih
Z 0
1
enx1ðsin hi cos hÞQ1ndn eih
Z þ1
0
enx1ðsin hþi cos hÞQ1ndn;
P1ðnÞ ¼ cp44ðe
2hp jnj  1Þð1þ e2he jnjÞ
ce44ðe2he jnj  1Þ þ cp44a1 j n j ð1 e
2hp jnjÞ
 ð1þ e2hp jnjÞ;
P2ðnÞ ¼ ep15ðe
2hp jnj  1Þð1þ e2he jnjÞ
ce44ðe2he jnj  1Þ þ ep15ð1 e
2hp jnjÞa1 j n j;
P3ðnÞ ¼  ep15ð1þ e
2he jnjÞðe2hp jnj  1Þ
ðe2he jnj  1Þee11  ep15a2 j n j ð1 e
2hp jnjÞ;
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2he jnjÞðe2hp jnj  1Þ
ðe2he jnj  1Þee11 þ ep11a2 j n j ð1 e
2hp jnjÞ
 ð1þ e2hp jnjÞ;
H11ðt; nÞ ¼ P4Q4  P2Q6P1P4  P2P3 ; H12ðt; nÞ ¼
P4Q5  P2Q7
P1P4  P2P3 ;
H21ðt; nÞ ¼ P3Q4  P1Q6P2P3  P1P4 ; H22ðt; nÞ ¼
P3Q5  P1Q7
P2P3  P1P4 ;
Rðx1Þ ¼ 2 coshðihÞx21
 e
ih
ð2hp þ ix1eihÞ2
 e
ih
ð2hp  ix1eihÞ2
;
~sr ¼ cos½ð2r  1Þp=ð2nÞ; ðr ¼ 1;2; . . . ; nÞ;
~xq ¼ cosðqp=nÞ; ðq ¼ 1;2; . . . ;n 1Þ:References
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